In this paper, we first prove a generalized Simons integral inequality for closed minimal submanifolds in a Riemannian manifold. Second, we prove a pinching theorem for closed minimal submanifolds in a complete simply connected pinched Riemannian manifold, which generalizes the results obtained by S. S. Chern, M. do Carmo, and S. Kobayashi and A. M. Li and J. M. Li respectively. Finally, we obtain a distribution theorem for the square norm of the second fundamental form of M under the assumption that M is a minimal submanifold with parallel second fundamental form in a Riemannian manifold.
Introduction
Let M" be an «-dimensional oriented closed minimal submanifold in an (n +p)-dimensional manifold Nn+P . We denote the square norm of the second fundamental form of M by S. In the case that the ambient manifold N is the Euclidean sphere Sn+P(l), it is well known [2] that if S < n/(2 -\/p) on M, then either M is the unit sphere S" ( 1 ) , one of the Clifford minimal hypersurfaces in Sn+' ( 1 ) , or the Veronese surface in S4 ( 1 ) . Further discussions in this regard have been carried out by many other authors ( [3, 5, 8, 9, 12] , etc.). Recently, A. M. Li and J. M. Li [6] have improved the pinching constant above to \n for the case p > 3 . But all these results were obtained under the assumption that the ambient manifolds possess very nice symmetry.
The aim of the present paper is to establish a generalized Simons integral inequality for minimal submanifolds in a Riemannian manifold, and prove a pinching theorem for minimal submanifolds in a complete simply connected pinched Riemannian manifold, which does not possess symmetry in general. The proof uses some equations and inequalities naturally associated to the second fundamental form of M, the curvature tensor of N, and their covariant derivatives. Since we do not assume that Nn+P is a sphere, the maximum principle and the estimate for AS in [2, 6 ] cannot be applied here, and the trick of constructing a differentiable 1-form and using integral estimates seems essential. Finally, a distribution theorem for S is obtained under the assumption that M is a minimal submanifold with parallel second fundamental form in a Riemannian manifold.
Preliminaries
Let Mn bean «-dimensional Riemannian manifold immersed in an (n+p)-dimensional Riemannian manifold Nn+P . We shall make use of the following convention on the range of indices:
l<A,B,C,...<n+p, l<i,j,k,...<n, « + 1 < a, ß, y, ... < n + p.
Choose a local field of orthonormal frames {eA} in N such that, restricted to M, the e;'s are tangent to M. Let {coA} and {coab} be the field of dual frames and the connection 1-forms of TV respectively. Restricting these forms to M, we have 
Inequalities and pinching theorems
From now on, we assume that M" is a minimal submanifold in Nn+P . By (2.5), (2.6), and the minimality of M, we have Ahfj = -2_^{Kakikj + Kaijkk) + 2^ hfniRmkjk On the other hand, by Proposition 2, we have
and by using Green's divergence theorem, we get Integrating both sides of (3.14) and applying Lemma 3, we have
This completes the proof of Theorem 1.
We are now in a position to prove Theorem 2. There is a number ô(n, p) with 0 < S(n, p) < 1 such that if there exists an oriented closed minimal submanifold Mn in a complete simply connected manifold Nn+P with S(n, p) < Kn < 1 and
where c is the infimum of the sectional curvature of N, then either M is the unit sphere Sn(\), one of the Clifford minimal hypersurfaces Sk(y/k/n) x S"~kW(n-k)/n), k = 1, 2, ... , « -1, in Sn+i(l), or the Veronese surface in S4{1). Moreover, N = Sn+p(l).
Proof. Since c < a(x) < b{x) < 1, (3.15) gives
From the assumption
we see that Furthermore, the previous inequalities become equalities, and it is not hard to see from Proposition 1 that either M is the unit sphere Sn(l), one of the Clifford hypersurfaces Sk(y/kjñ) x S"-k(y/{n-k)/n), k = 1, 2, ... , n -I, or the Veronese surface. This proves Theorem 2.
Remark 1. Theorem 2 can be considered as a generalization of the main theorems of [2, 6] as well as a pinching theorem for ambient manifolds. Remark 2. When p = 1, the constant ô'(n, p) equals zero, which is independent of dimension. In this case, we have that either S = 0 or nc <S < n .
